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Ïðåäèñëîâèå
Ñáîðíèê ñîäåðæèò çàäà÷è ïî êóðñó ½Èíòåãðàëüíûå óðàâíåíèÿ� è ðàçäåëó ½Îïå-

ðàöèîííîå èñ÷èñëåíèå� êóðñà ½Òåîðèÿ ôóíêöèé êîìïëåêñíîé ïåðåìåííîé è îïåðà-
öèîííîå èñ÷èñëåíèå�, ÷èòàåìûõ íà ôèçè÷åñêîì ôàêóëüòåòå Êàçàíñêîãî ãîñóäàð-
ñòâåííîãî óíèâåðñèòåòà. Ñáîðíèê ñîäåðæèò áîëåå 100 çàäà÷, ÷àñòü èç êîòîðûõ
âçÿòà èç çàäà÷íèêà ïîä ðåäàêöèåé À. Â. Åôèìîâà [6]; áîëüøèíñòâî çàäà÷ ñîñòàâ-
ëåíû çàíîâî.

Â íà÷àëå êàæäîãî ïàðàãðàôà èçëîæåíû ìåòîäû, íåîáõîäèìûå äëÿ ðåøåíèÿ
çàäà÷ ýòîãî ïàðàãðàôà è ïðèâåäåíû ïðèìåðû ðåøåíèÿ òèïîâûõ çàäà÷.

Îñíîâíûå ïîíÿòèÿ è îïðåäåëåíèÿ
Èíòåãðàëüíûì íàçûâàåòñÿ óðàâíåíèå, ñîäåðæàùåå íåèçâåñòíóþ ôóíêöèþ ïîä

çíàêîì èíòåãðàëà. Èíòåãðàëüíûå óðàâíåíèÿ âèäà
b∫

a

K(x, t) y(t) dt = f(x) (1)

è

y(x) = λ

b∫

a

K(x, t) y(t) dt + f(x) (2)

íàçûâàþòñÿ ëèíåéíûìè èíòåãðàëüíûìè óðàâíåíèÿìè Ôðåäãîëüìà 1-ãî è 2-ãî ðî-
äà, ñîîòâåòñòâåííî. Çäåñü y(x) � èñêîìàÿ ôóíêöèÿ, K(x, t) è f(x) � èçâåñòíûå
ôóíêöèè, çàäàííûå íà îòðåçêå [a, b]. Ôóíêöèÿ K(x, t) íàçûâàåòñÿ ÿäðîì èíòå-
ãðàëüíîãî óðàâíåíèÿ, à f(x) � ñâîáîäíûì ÷ëåíîì ýòîãî óðàâíåíèÿ. Åñëè f(x) = 0,
óðàâíåíèå íàçûâàåòñÿ îäíîðîäíûì.

Èíòåãðàëüíûå óðàâíåíèÿ âèäà
x∫

a

K(x, t) y(t) dt = f(x) (3)

è

y(x) = λ

x∫

a

K(x, t) y(t) dt + f(x) (4)

íàçûâàþòñÿ ëèíåéíûìè èíòåãðàëüíûìè óðàâíåíèÿìè Âîëüòåððà 1-ãî è 2-ãî ðî-
äà, ñîîòâåòñòâåííî. ßäðî èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà îïðåäåëÿåòñÿ â òðå-
óãîëüíèêå a ≤ x ≤ b, a ≤ t ≤ x.
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ßäðî K(x, t) èíòåãðàëüíîãî óðàâíåíèÿ (2) íàçûâàåòñÿ âûðîæäåííûì, åñëè îíî
ìîæåò áûòü ïðåäñòàâëåíî â âèäå

K(x, t) =
n∑

k=1

pk(x)qk(t). (5)

Íåíóëåâûå çíà÷åíèÿ ïàðàìåòðà λ, ïðè êîòîðûõ îäíîðîäíîå óðàâíåíèå Ôðåä-
ãîëüìà

y(x) = λ

b∫

a

K(x, t) y(t) dt (6)

èìååò íåòðèâèàëüíûå ðåøåíèÿ, íàçûâàþòñÿ õàðàêòåðèñòè÷åñêèìè ÷èñëàìè ýòî-
ãî óðàâíåíèÿ (èëè ÿäðà K(x, t)), à ñàìè ðåøåíèÿ � ñîáñòâåííûìè ôóíêöèÿìè,
ñîîòâåòñòâóþùèìè õàðàêòåðèñòè÷åñêîìó ÷èñëó λ. ×èñëà µ = 1/λ íàçûâàþòñÿ
ñîáñòâåííûìè ÷èñëàìè èíòåãðàëüíîãî óðàâíåíèÿ.

Èíòåãðàëüíûå óðàâíåíèÿ Âîëüòåððà (4) ôîðìàëüíî ìîãóò ðàññìàòðèâàòüñÿ êàê
÷àñòíûé ñëó÷àé óðàâíåíèé Ôðåäãîëüìà (2) ñ ÿäðîì:

K1(x, t) =

{
K(x, t), a ≤ t ≤ x,

0, x < t ≤ b.

Íåñìîòðÿ íà ýòî, ìåòîäû ðåøåíèÿ óðàâíåíèé Ôðåäãîëüìà îòëè÷àþòñÿ îò ìåòîäîâ
ðåøåíèÿ óðàâíåíèé Âîëüòåððà èç-çà òåõ òðåáîâàíèé, êîòîðûå ïðè ýòîì íàêëàäû-
âàþòñÿ íà ÿäðî èíòåãðàëüíîãî óðàâíåíèÿ (íàïðèìåð, óñëîâèå íåïðåðûâíîñòè).

Èíòåãðàëüíûå óðàâíåíèÿ Ôðåäãîëüìà
Ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé

Åñëè â óðàâíåíèè Ôðåäãîëüìà (2) ÷èñëîâîé ïàðàìåòð λ óäîâëåòâîðÿåò óñëîâèþ

|λ| < 1

B
, ãäå B2 =

b∫

a

b∫

a

|K(x, t)|2 dx dt, (7)

òî óðàâíåíèå (2) èìååò åäèíñòâåííîå ðåøåíèå. Â ýòîì ñëó÷àå îíî ìîæåò áûòü
íàéäåíî ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Âûáðàâ ïðîèçâîëüíûì îáðà-
çîì íóëåâîå ïðèáëèæåíèå y0(x), ìîæíî ïîñòðîèòü ïîñëåäîâàòåëüíîñòü ôóíêöèé
yn(x):

y1(x) = λ

b∫

a

K(x, t) y0(t) dt + f(x),
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y2(x) = λ

b∫

a

K(x, t) y1(t) dt + f(x), (8)

. . . . . . . . . . . .

yn(x) = λ

b∫

a

K(x, t) yn−1(t) dt + f(x),

. . . . . . . . . . . .

Ýòà ïîñëåäîâàòåëüíîñòü ñõîäèòñÿ ê òî÷íîìó ðåøåíèþ y(x), òî åñòü lim
n→∞

yn(x) =

y(x).

Ïðèìåð 1. Ðåøèòü ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé èíòåãðàëüíîå
óðàâíåíèå

y(x) = sin πx +
1

2

1∫

0

y(t) dt.

Ðåøåíèå. Â ýòîì óðàâíåíèè λ = 1/2, à K(x, t) = 1. Ïîýòîìó

B2 =

1∫

0

1∫

0

|K(x, t)|2 dx dt =

1∫

0

1∫

0

|K(x, t)|2 dx dt = 1,

è óñëîâèå |λ| < 1/B âûïîëíåíî. Â êà÷åñòâå íóëåâîãî ïðèáëèæåíèÿ âîçüìåì y0 =
sin πx è ïîñòðîèì ñëåäóþùèå ïðèáëèæåíèÿ:

y1(x) = sin πx +
1

2

1∫

0

y0(t) dt = sin πx +
1

2

1∫

0

sin πt dt = sin πx +
1

π
,

y2(x) = sin πx +
1

2

1∫

0

y1(t) dt = sin πx +
1

2

1∫

0

(
sin πt +

1

π

)
dt = sin πx +

1

π
+

1

2π
,

y3(x) = sin πx +
1

2

1∫

0

y2(t) dt = sin πx +
1

2

1∫

0

(
sin πt +

1

π
+

1

2π

)
dt =

= sin πx +
1

π
+

1

2π
+

1

4π
.

Âû÷èñëèâ íåñêîëüêî ïåðâûõ ÷ëåíîâ ïîñëåäîâàòåëüíîñòè {yn(x)}, çàìå÷àåì, ÷òî
n-îå ïðèáëèæåíèå ìîæåò áûòü çàïèñàíî â ñëåäóþùåì âèäå:

yn(x) = sin πx +
1

π
+

1

2π
+

1

22π
+ . . . +

1

2n−1π
= sin πx +

1

π

n−1∑

k=0

1

2k
.
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Òî÷íîå ðåøåíèå íàõîäèì êàê ïðåäåë

y(x) = lim
n→∞

yn(x) = sin πx +
1

π

∞∑

k=0

1

2k
= sin πx +

2

π
.

Ðåøèòü èíòåãðàëüíûå óðàâíåíèÿ ìåòîäîì ïîñëåäîâàòåëüíûõ ïðè-
áëèæåíèé.

1. y(x) =
1

2

1∫

0

ex−ty(t) dt + ex. 2. y(x) =

1∫

0

x ex−ty(t) dt + ex.

3. y(x) =

1∫

0

xt y(t) dt +
√

1− x2. 4. y(x) =
1

2

π/2∫

0

x sin t y(t) dt + sin x.

5. y(x) =

e∫

1

ln t

x
y(t) dt + lnx. 6. y(x) =

1∫

0

√
xt y(t) dt + x.

7. y(x) =

2∫

1

√
x

t3
y(t) dt + x3/2. 8. y(x) =

1

2π

π∫

0

t sin x y(t) dt + cos x.

Ìåòîä èòåðèðîâàííûõ ÿäåð
Åñëè â ìåòîäå ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé âûáèðàòü y0(x) = f(x), òî äëÿ

n-îãî ïðèáëèæåíèÿ ìîæíî ïîëó÷èòü ôîðìóëó

yn(x) = f(x) +
n∑

m=0

λm+1

b∫

a

Km(x, t)f(t) dt =

= f(x) + λ

b∫

a

n∑
m=0

λmKm(x, t)f(t) dt,

â êîòîðîé èòåðèðèðîâàííûå ÿäðà Km(x, t) îïðåäåëÿþòñÿ ñ ïîìîùüþ ñîîòíîøåíèé

K0 ≡ K(x, t), Km(x, t) =

b∫

a

K(x, s)Km−1(s, t) ds.
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Ïðè n →∞ ïîä çíàêîì èíòåãðàëà ïîëó÷àåì ðÿä
∞∑

m=0

λmKm(x, t). (9)

Äëÿ íåêîòîðûõ çíà÷åíèé λ ýòîò ðÿä ñõîäèòñÿ ê ôóíêöèè R(x, t, λ), êîòîðàÿ íàçû-
âàåòñÿ ðåçîëüâåíòîé ÿäðà K(x, t). Â ýòîì ñëó÷àå ðåøåíèå èíòåãðàëüíîãî óðàâíå-
íèÿ ìîæåò áûòü íàéäåíî ïî ôîðìóëå

y(x) = f(x) + λ

b∫

a

R(x, t, λ) f(t) dt. (10)

Ïðè ýòîì îáëàñòü ñõîäèìîñòè ðÿäà (9) ìîæåò îêàçàòüñÿ øèðå, ÷åì ýòî îïðåäåëÿ-
åòñÿ óñëîâèåì (7).

Âîîáùå ãîâîðÿ, ïîíÿòèå ðåçîëüâåíòû, êàê ôóíêöèè, ñ ïîìîùüþ êîòîðîé ðåøå-
íèå èíòåãðàëüíîãî óðàâíåíèÿ (2) ìîæåò áûòü íàéäåíî ñ ïîìîùüþ ôîðìóëû (10),
èìååò ñìûñë äëÿ ëþáûõ çíà÷åíèé λ, ïðè êîòîðûõ óðàâíåíèå èìååò åäèíñòâåííîå
ðåøåíèå.

Ïðèìåð 2. Ðåøèòü ìåòîäîì èòåðèðîâàííûõ ÿäåð èíòåãðàëüíîå óðàâíåíèå

y(x) = λ

1∫

0

x

1 + t2
y(t) dt + 1 + x2.

Ðåøåíèå. Íàéäåì ïîñëåäîâàòåëüíîñòü èòåðèðîâàííûõ ÿäåð:

K0(x, t) = K(x, t) =
x

1 + t2
,

K1(x, t) =

1∫

0

K(x, s)K(s, t) ds =

1∫

0

x

1 + s2

s

1 + t2
ds =

ln 2

2

x

1 + t2
,

K2(x, t) =

1∫

0

K(x, s)K1(s, t) ds =
ln 2

2

1∫

0

x

1 + s2

s

1 + t2
ds =

( ln 2

2

)2
x

1 + t2
,

. . . . . . . . . . . .

Km(x, t) =

( ln 2

2

)m
x

1 + t2
.

Íàõîäèì ðåçîëüâåíòó:

R(x, t, λ) =
∞∑

m=0

λmKm(x, t) =
x

1 + t2

∞∑
m=0

λm

( ln 2

2

)m

=
x

1 + t2
· 2

2− λ ln 2
. (11)
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Ðàäèóñ ñõîäèìîñòè ýòîãî ðÿäà |λ| < 2/ ln 2 ≈ 2, 885. Äëÿ äàííîãî óðàâíåíèÿ

B2 =

1∫

0

1∫

0

|K(x, t)|2 dx dt =

1∫

0

1∫

0

x2

(1 + t2)2 dx dt =
π + 2

24
⇒ 1

B
≈ 2, 161.

Òàêèì îáðàçîì, îáëàñòü ñõîäèìîñòè ðÿäà (9) äëÿ ðåçîëüâåíòû îêàçàëàñü øèðå,
÷åì ýòî äèêòóåòñÿ óñëîâèåì (7). Ðåøåíèå óðàâíåíèÿ íàõîäèì èç ôîðìóëû (10):

y(x) = 1 + x2 +
2

2− λ ln 2

1∫

0

x

1 + t2
(
1 + t2

)
dt = 1 + x2 +

4x

2− λ ln 2
. (12)

Ïðÿìîé ïîäñòàíîâêîé ìîæíî ëåãêî óáåäèòüñÿ, ÷òî ðåøåíèå (12) óäîâëåòâîðÿåò
óðàâíåíèþ íå òîëüêî äëÿ çíà÷åíèé λ, ëåæàùèõ â îáëàñòè ñõîäèìîñòè ðÿäà, íî è
ïðè ëþáûõ çíà÷åíèÿõ λ 6= 2/ ln 2.

Ïîëüçóÿñü ìåòîäîì èòåðèðîâàííûõ ÿäåð, íàéòè ðåçîëüâåíòó è óêà-
çàòü îáëàñòü ñõîäèìîñòè ðÿäà (9). Ñ ïîìîùüþ ðåçîëüâåíòû íàéòè
ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ ïðè óêàçàííîì çíà÷åíèè λ è ïðî-
âåðèòü åãî ïðÿìîé ïîäñòàíîâêîé.

9. y(x) = λ

1∫

0

ex−ty(t) dt + ex, λ = 2.

10. y(x) = λ

1∫

0

x ex−ty(t) dt + ex, λ = −2.

11. y(x) = λ

1∫

0

xt y(t) dt +
√

1− x2, λ = 6.

12. y(x) = λ

π/2∫

0

x sin t y(t) dt + sin x, λ = 4.

13. y(x) = λ

e∫

1

ln t

x
y(t) dt + lnx, λ = e.
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14. y(x) = λ

1∫

0

(xt− t) y(t) dt + sin πx, λ = 3.

Óðàâíåíèÿ Ôðåäãîëüìà ñ âûðîæäåííûì ÿäðîì
Óðàâíåíèå Ôðåäãîëüìà (2) ñ âûðîæäåííûì ÿäðîì (5) ìîæåò áûòü ñâåäåíî ê

ñèñòåìå àëãåáðàè÷åñêèõ óðàâíåíèé. Äëÿ ýòîãî ïåðåïèøåì óðàâíåíèå (2) â ñëåäó-
þùåé ôîðìå:

y(x) = λ

n∑

k=1

pk(x)

b∫

a

qk(t) y(t) dt + f(x) = λ

n∑

k=1

ckpk(x) + f(x), (13)

ãäå ÷èñëà

ck =

b∫

a

qk(t) y(t) dt. (14)

Èç âûðàæåíèÿ (13) âèäíî, ÷òî ðåøåíèå y(x) áóäåò íàéäåíî êàê òîëüêî áóäóò îïðå-
äåëåíû âñå êîíñòàíòû ck. Ïîäñòàâèì âìåñòî ôóíêöèè y(x) â èíòåãðàëå (14) âûðà-
æåíèå (13):

ck =

b∫

a

qk(t)

(
λ

n∑
i=1

cipi(t) + f(t)

)
dt =

= λ

n∑
i=1

ci

b∫

a

pi(t) qk(t) dt +

b∫

a

qk(t) f(t) dt = λ

n∑
i=1

ciaki + bk,

ãäå êîíñòàíòû

aki =

b∫

a

pi(t) qk(t) dt, bk =

b∫

a

qk(t) f(t) dt. (15)

Òåïåðü, âìåñòî èíòåãðàëüíîãî óðàâíåíèÿ, ìû èìååì ýêâèâàëåíòíóþ åìó ñèñòåìó
ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

ck − λ
n∑

i=1

akici = bk (16)
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îòíîñèòåëüíî íåèçâåñòíûõ ÷èñåë ck. Ðåøèâ ýòó ñèñòåìó è ïîäñòàâèâ ck â (13), ïîëó-
÷èì ðåøåíèå èñõîäíîãî èíòåãðàëüíîãî óðàâíåíèÿ. ×èñëî ðåøåíèé èíòåãðàëüíîãî
óðàâíåíèÿ ñ âûðîæäåííûì ÿäðîì èëè åãî íåðàçðåøèìîñòü áóäóò, òàêèì îáðàçîì,
îïðåäåëÿòüñÿ ñâîéñòâàìè àëãåáðàè÷åñêîé ñèñòåìû (16).

Ïðèìåð 3. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

y(x) = sin 2x +

π∫

−π

(
1

π
sin x sin t + t

)
y(t) dt.

Ðåøåíèå. ßäðî äàííîãî èíòåãðàëüíîãî óðàâíåíèÿ âûðîæäåííîå. Êîýôôèöèåíò
λ ïðèìåì ðàâíûì 1. Îáîçíà÷àÿ

p1(x) =
1

π
sin x, p2(x) = 1, q1(t) = sin t, q2(t) = t,

íàéäåì êîýôôèöèåíòû óðàâíåíèé (16) ïî ôîðìóëàì (15):

a11 =

π∫

−π

1

π
sin2 t dt = 1, a12 =

π∫

−π

sin t dt = 0,

a21 =

π∫

−π

1

π
t sin t dt = 2, a22 =

π∫

−π

t dt = 0,

b1 =

π∫

−π

sin t sin 2t dt = 0, b2 =

π∫

−π

t sin 2t dt = −π.

Ñèñòåìà (16) ïðèìåò âèä

0 · c1 + 0 · c2 = 0

−2c1 + c2 = −π

Îáùèì ðåøåíèåì ýòîé ñèñòåìû áóäåò c1 = C, c2 = 2C−π, ãäå C � ïðîèçâîëüíàÿ
ïîñòîÿííàÿ. Ñëåäîâàòåëüíî, ðåøåíèåì çàäàííîãî èíòåãðàëüíîãî óðàâíåíèÿ áóäåò
ëþáàÿ ôóíêöèÿ âèäà

y(x) = sin 2x + C · 1

π
sin x + (2C − π) · 1 = sin 2x− π + C

(
1

π
sin x + 2

)

ñ ïðîèçâîëüíîé êîíñòàíòîé C.
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Ðåøèòü èëè óñòàíîâèòü íåðàçðåøèìîñòü èíòåãðàëüíûõ óðàâíåíèé
ñ âûðîæäåííûì ÿäðîì.

15. y(x) =

π∫

0

tgx cos t y(t) dt + cos x. 16. y(x) =

1∫

0

ext y(t) dt + e−x.

17. y(x) =

1∫

0

√
xt y(t) dt + 5x. 18. y(x) = 2

1∫

0

x

t
y(t) dt + 3 lnx.

19. y(x) = 2x− 1− π

2

1∫

0

(cos πx− sin πt)y(t) dt.

20. y(x)=2

π/2∫

0

cos(x− t) y(t) dt + x. 21. y(x)=2− 3

π/2∫

0

sin(x− 2t) y(t) dt.

22. y(x)=

1∫

0

(
ext + xet

)
y(t) dt + ex. 23. y(x)=x2− 2

1∫

0

(3xt− 1)y(t) dt.

24. y(x) =

1∫

0

(3x + 2t)y(t) dt + 8x2 − 5x

25. y(x) =
1

2

π∫

0

(sin(3x− t) + sin x)y(t) dt + 3π cos 2x.

26. y(x) = 2

1∫

0

(sin 2π(x− t)− 2)y(t) dt + 5x.

Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè
Åñëè ÿäðî îäíîðîäíîãî èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà (6) âûðîæäåí-

íîå, òî çàäà÷à î íàõîæäåíèè ñîáñòâåííûõ ÷èñåë è ñîáñòâåííûõ ôóíêöèé èíòå-
ãðàëüíîãî óðàâíåíèÿ ñâîäèòñÿ ê ïîèñêó ñîáñòâåííûõ çíà÷åíèé íåêîòîðîé ìàòðè-
öû. Äåéñòâèòåëüíî, êàê ñëåäóåò èç ôîðìóë (13)�(16), âñÿêîå ðåøåíèå îäíîðîäíîãî
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óðàâíåíèÿ èìååò âèä

y(x) = λ
n∑

k=1

ckpk(x), (17)

ãäå ÷èñëà ck ÿâëÿþòñÿ ðåøåíèÿìè îäíîðîäíîé ñèñòåìû

ck − λ

n∑
i=1

akici = 0.

Ýòà ñèñòåìà ìîæåò áûòü ïåðåïèñàíà â ìàòðè÷íîé ôîðìå

(I − λA)C = 0 èëè (A− µI)C = 0, λ, µ 6= 0, (18)

ãäå I � åäèíè÷íàÿ ìàòðèöà, A = (aij), C � ñòîëáåö, ñîñòîÿùèé èç ÷èñåë ci. Òàêèì
îáðàçîì, ñîáñòâåííûå ÷èñëà èíòåãðàëüíîãî óðàâíåíèÿ ñîâïàäàþò ñ îòëè÷íûìè îò
íóëÿ ñîáñòâåííûìè ÷èñëàìè ìàòðèöû A è ìîãóò áûòü íàéäåíû èç óðàâíåíèÿ

det(A− µI) = 0 (19)

Ïðèìåð 4. Íàéòè ñîáñòâåííûå ÷èñëà è ñîáñòâåííûå ôóíêöèè èíòåãðàëüíîãî
óðàâíåíèÿ

y(x) = λ

1∫

0

(
xt− 2x2) y(t) dt.

Ðåøåíèå. ßäðî K(x, t) = xt− 2x2 � âûðîæäåííîå:

p1(x) = x, p2(x) = −2x2, q1(t) = t, q2(t) = 1.

Íàéäåì êîìïîíåíòû ìàòðèöû A:

a11 =

1∫

0

x2 dx =
1

3
, a12 = −2

1∫

0

x3 dx = −1

2
,

a21 =

1∫

0

x dx =
1

2
, a22 = −2

1∫

0

x2 dx =
2

3
.

Óðàâíåíèå äëÿ íàõîæäåíèÿ ñîáñòâåííûõ çíà÷åíèé (19) ïðèìåò âèä:

det(A− µI) =

∣∣∣∣∣∣∣

1

3
− µ −1

2
1

2
−2

3
− µ

∣∣∣∣∣∣∣
=

(
µ +

1

6

)2

= 0.
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Ñëåäîâàòåëüíî, èíòåãðàëüíîå óðàâíåíèå èìååò òîëüêî îäíî ñîáñòâåííîå çíà÷åíèå
µ = −1/6 (õàðàêòåðèñòè÷åñêîå ÷èñëî λ = −6). Ñîîòâåòñòâóþùèé åìó ñîáñòâåí-
íûé âåêòîð íàõîäèì ðåøàÿ ñèñòåìó (18):

(
1/2 −1/2
1/2 −1/2

)(
c1

c2

)
=

(
0
0

)
,

îòêóäà íàõîäèì c1 = c2 = C, ãäå C � ïðîèçâîëüíàÿ êîíñòàíòà. Ñîãëàñíî ôîðìóëå
(17) ñîáñòâåííîé ôóíêöèåé èíòåãðàëüíîãî óðàâíåíèÿ áóäåò

y(x) = −6
(
c1x− 2c2x

2) = Cx(1− 2x).

Ïðèìåð 5. Èññëåäîâàòü ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ

y(x) = λ

π∫

−π

(
x2 cos t− x sin t

)
y(t) dt + cos x

â çàâèñèìîñòè îò çíà÷åíèé ïàðàìåòðà λ.
Ðåøåíèå. Ïîñêîëüêó ÿäðî èíòåãðàëüíîãî óðàâíåíèÿ K(x, t) = x2 cos t − x sin t

âûðîæäåííîå, òî åãî ðåøåíèå ìîæíî ñâåñòè ê ðåøåíèþ àëãåáðàè÷åñêîé ñèñòåìû
(16), êîòîðàÿ ìîæåò áûòü çàïèñàíà â ìàòðè÷íîé ôîðìå:

(I − λA)C = B, (20)

ãäå B � ñòîëáåö èç êîýôôèöèåíòîâ bi. Âû÷èñëèì êîýôôèöèåíòû ìàòðèöû A è
ñòîëáöà B:

p1(x) = x2, p2(x) = x, q1(t) = cos t, q2(t) = sin t,

a11 =

π∫

−π

cos xx2 dx = 4π, a12 =

π∫

−π

cos xx dx = 0,

a21 =

π∫

−π

sin xx2 dx = 0, a22 =

π∫

−π

sin xx dx = −2π,

b1 =

π∫

−π

cos2 x dx = π, b2 =

π∫

−π

sin x cos x dx = 0.

Ñèñòåìà (20) èìååò âèä
(

1− 4πλ 0
0 1 + 2πλ

)(
c1

c2

)
=

(
π

0

)
.
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det(I − λA) = (1− 4πλ)(1 + 2πλ) = 0, êîãäà λ =
1

4π
èëè λ = − 1

2π
.

Ïðè ëþáûõ λ 6= − 1

2π
,

1

4π
ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå

c1 =
π

1− 4πλ
, c2 = 0.

Â ýòîì ñëó÷àå ðåøåíèåì èíòåãðàëüíîãî óðàâíåíèÿ áóäåò ôóíêöèÿ

y(x) = cos x +
λπ

1− 4πλ
x2.

Åñëè λ =
1

4π
, òî ñèñòåìà

(
0 0
0 3/2

)(
c1

c2

)
=

(
π
0

)
.

ðåøåíèé íå èìååò. Ñëåäîâàòåëüíî, ïðè äàííîì çíà÷åíèè λ íå èìååò ðåøåíèé è
èíòåãðàëüíîå óðàâíåíèå.

Ïðè λ = − 1

2π
ðåøåíèåì ñèñòåìû

(
3 0
0 0

)(
c1

c2

)
=

(
π

0

)
.

áóäåò c1 = π/3, c2 = C è ñîîòâåòñòâóþùåå ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ:

y(x) = cos x + λ(c1x
2 + c2x) = cos x− x2/6 + Cx.

Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè ñëåäóþùèõ
èíòåãðàëüíûõ óðàâíåíèé:

27. y(x) = λ

1∫

0

(1 + 2x)y(t) dt. 28. y(x) = λ

1∫

0

(1− x2) y(t) dt.

29. y(x) = λ

π∫

0

x sin t y(t) dt. 30. y(x) = λ

π∫

0

cos x cos t y(t) dt.

31. y(x) = λ

π∫

0

sin(x + t) y(t) dt. 32. y(x) = λ

π∫

0

cos(x− t) y(t) dt.
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33. y(x) = λ

1∫

0

(cos 2πx + 2x sin 2πt + t sin πx) y(t) dt.

34. y(x) = λ

1∫

0

[cos 2π(x− t)− 1] y(t) dt.

Èññëåäîâàòü ðåøåíèÿ èíòåãðàëüíûõ óðàâíåíèé ïðè ðàçëè÷íûõ çíà-
÷åíèÿõ ïàðàìåòðà λ.

35. y(x)=λ

1∫

0

(1 + 2x)y(t) dt+1−3

2
x. 36. y(x)=λ

1∫

0

x y(t) dt+sin 2πx.

37. y(x)=λ

π∫

0

sin x cos t y(t) dt+cos x. 38. y(x)=λ

1∫

0

x sin 2πt y(t) dt+x.

39. y(x)=λ

1∫

−1

(1 + xt) y(t) dt+sin πx. 40. y(x)=λ

π∫

0

cos(x + t) y(t) dt+1.

Èíòåãðàëüíûå óðàâíåíèÿ Âîëüòåððà
Ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé

Â îòëè÷èå îò óðàâíåíèé Ôðåäãîëüìà, óðàâíåíèÿ Âîëüòåððà âñåãäà èìåþò åäèí-
ñòâåííîå ðåøåíèå. Ïîýòîìó îíî ìîæåò áûòü íàéäåíî ìåòîäîì ïîñëåäîâàòåëüíûõ
ïðèáëèæåíèé. Ïîñëåäîâàòåëüíîñòü ôóíêöèé yn(x), ñòðîÿùàÿñÿ ïî ïðàâèëó

y1(x) = λ

x∫

a

K(x, t) y0(t) dt + f(x),

y2(x) = λ

x∫

a

K(x, t) y1(t) dt + f(x),

. . . . . . . . . . . .
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yn(x) = λ

x∫

a

K(x, t) yn−1(t) dt + f(x),

. . . . . . . . . . . .

âñåãäà ñõîäèòñÿ ê åäèíñòâåííîìó ðåøåíèþ èíòåãðàëüíîãî óðàâíåíèÿ ïðè n →∞.

Ïðèìåð 6. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

y(x) = 1−
x∫

0

(x− t)y(t) dt

ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.
Ðåøåíèå. Â êà÷åñòâå íóëåâîãî ïðèáëèæåíèÿ âûáåðåì y0(x) = 1. Òîãäà

y1(x) = 1−
x∫

0

(x− t) · 1 · dt = 1− x2

2
,

y2(x) = 1−
x∫

0

(x− t)

(
1− t2

2

)
dt = 1− x2

2
+

x4

4!
.

Íà n-îì øàãå ïîëó÷èì

yn(x) = 1− x2

2
+

x4

4!
− x6

6!
+ . . . + (−1)nxn

n!
=

n∑

k=0

(−1)kxk

k!
,

îòêóäà

y(x) = lim
n→∞

yn(x) =
∞∑

k=0

(−1)kxk

k!
= cos x.

Ðåøèòü óðàâíåíèÿ Âîëüòåððà ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëè-
æåíèé.

41. y(x) =

x∫

0

y(t) dt + x2. 42. y(x) =

x∫

0

y(t) dt +
x2

2
.

43. y(x) =

x∫

0

(x− t)y(t) dt + x. 44. y(x) = 1−
x∫

0

tg t y(t) dt.
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45. y(x) = 1 +

x∫

0

y(t)

x + t
dt. 46. y(x) = 2

x∫

0

t y(t) dt + x2.

47. y(x) = 1 +

x∫

0

xy(t)

x2 + t2
dt. 48. y(x) = 1 +

x∫

0

t y(t)

x2 + t2
dt.

Ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ ïóòåì ñâåäåíèÿ åãî ê
äèôôåðåíöèàëüíîìó óðàâíåíèþ

Åñëè â èíòåãðàëüíîì óðàâíåíèè (4) ÿäðî K(x, t) è ñâîáîäíûé ÷ëåí f(x, t) èìå-
þò íåïðåðûâíûå ïðîèçâîäíûå ïî ïåðåìåííîé x, òî ýòî óðàâíåíèå ìîæåò áûòü ïðî-
äèôôåðåíöèðîâàíî îäèí èëè íåñêîëüêî ðàç. Ýòî ïîçâîëÿåò â ðÿäå ñëó÷àåâ ñâåñòè
ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ ê çàäà÷å Êîøè äëÿ íåêîòîðîãî îáûêíîâåííîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Ïðîèçâîäíàÿ îò èíòåãðàëà ïðè ýòîì âû÷èñëÿåòñÿ
ïî ôîðìóëå

d

dx

x∫

a

K(x, t)y(t) dt = K(x, x)y(x) +

x∫

a

∂K(x, t)

∂x
y(t) dt. (21)

Ïðèìåð 7. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

y(x) = sin x +

x∫

0

sin(x− t)y(t) dt. (22)

Ðåøåíèå. Äâàæäû ïðîäèôôåðåíöèðóåì óðàâíåíèå (22). Ó÷èòûâàÿ (21), ïîëó-
÷èì

y′(x) = cos x +

x∫

0

cos(x− t)y(t) dt, (23)

y′′(x) = − sin x + y(x) +

x∫

0

sin(x− t)y(t) dt. (24)

Èñêëþ÷àÿ èç óðàâíåíèé (22) è (24) èíòåãðàë
x∫
0

sin(x− t)y(t) dt, ïîëó÷èì îáûêíî-
âåííîå äèôôåðåíöèàëüíîå óðàâíåíèå y′′ = 0. Èç óðàâíåíèé (22) è (23) âûòåêàþò
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ñëåäóþùèå íà÷àëüíûå óñëîâèÿ y(0) = 0, y′(0) = 1. Ðåøåíèåì ïîëó÷åííîé çàäà÷è
Êîøè áóäåò ôóíêöèÿ y(x) = x.

Ïðèìåð 8. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

y(x) = 2 shx + 1−
x∫

0

(x− t)y(t) dt. (25)

Ðåøåíèå. Äâàæäû äèôôåðåíöèðóÿ óðàâíåíèå (25), ïîëó÷èì

y′(x) = 2 chx−
x∫

0

y(t) dt, (26)

y′′(x) = 2 shx− y(x). (27)

Ïåðåïèøåì óðàâíåíèå â ñòàíäàðòíîé ôîðìå

y′′ + y = 2 shx. (28)

Íà÷àëüíûå óñëîâèÿ íàéäåì èç óðàâíåíèé (25) è (26):

y(0) = 1, y′(0) = 2. (29)

Ðåøåíèåì óðàâíåíèÿ (28) ñ ó÷åòîì íà÷àëüíûõ óñëîâèé (29) áóäåò

y(x) = cos x + sin x + shx.

Ðåøèòü óðàâíåíèÿ Âîëüòåððà, ñâåäÿ èõ ê îáûêíîâåííûì äèôôå-
ðåíöèàëüíûì óðàâíåíèÿì.

49. y(x) =

x∫

0

t

t + 1
y(t) dt + ex. 50. y(x) =

x∫

0

(x− t)y(t) dt + 2 shx.

51. y(x)=4

x∫

0

(t− x)y(t) dt+ 3 cos x. 52. y(x) =

x∫

1

4t− 5x

t2
y(t) dt + lnx.

53. y(x) =

x∫

0

[
3(x− t)− (x− t)2

]
y(t) dt + e2x − 2x2 − 2x− 1.
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54. y(x)=

x∫

1

4x− 3t

t2
y(t) dt+ 4x lnx− 1. 55. y(x) =

x∫

1

x

t2
y(t) dt + x2.

56. y(x)=

x∫

0

cos(x− t)y(t) dt+ x. 57. y(x)=6

x∫

0

cos 5(x− t)y(t) dt− 4e5x.

58. y(x)=2

x∫

0

sin(x− t)y(t) dt+ ex. 59. y(x)+3

x∫

0

sin(x− t)y(t) dt=2 shx.

60. y(x) = 3

x∫

0

ch 2(x− t)y(t) dt + 5e−2x.

61. y(x) + 5

x∫

0

sh (x− t)y(t) dt + 3 cos x = 0.

62. y(x) =

x∫

0

(
2ex−t + e3(x−t)

)
y(t) dt + 20x− 4.

63. y(x) =

x∫

0

(
2e2(x−t) − e3(x−t)

)
y(t) dt + 5.

64. y(x)=

x∫

0

t + 2

(x + 2)2
y(t) dt+ 2x. 65. y(x)+

x∫

0

(t− 1)2

t2 + 1
ex−ty(t) dt=1.

66. y(x)=

x∫

1

x(2t + 1)

t2
y(t) dt+ x3. 67. y(x) =

x∫

0

et

ex + 1
y(t) dt + e−x.

68. y(x) =

x∫

0

t

(x + 1)(t + 1)
y(t) dt +

ln (x + 1)

(x + 1)
.

69. y(x) =

x∫

0

( tg t− 1)ex−ty(t) dt + cos x.
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Óðàâíåíèÿ Âîëüòåððà ñ âûðîæäåííûì ÿäðîì
Åñëè ÿäðî èíòåãðàëüíîãî óðàâíåíèÿ (4) ÿâëÿåòñÿ âûðîæäåííûì, òî óðàâíåíèå

(4) ìîæåò áûòü ïðåäñòàâëåíî â âèäå:

y(x) =
n∑

k=1

pk(x)

x∫

a

qk(t) y(t) dt + f(x). (30)

Ââîäÿ ôóíêöèè

uk(x) =

x∫

a

qk(t) y(t) dt, k = 1, 2, .., n, (31)

è ïîäñòàâëÿÿ èõ â óðàâíåíèå (30), ïîëó÷èì, ÷òî ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ
ñ âûðîæäåííûì ÿäðîì èìååò âèä

y(x) =
n∑

k=1

pk(x)uk(x) + f(x). (32)

Òàêèì îáðàçîì, ÷òîáû íàéòè y(x), íåîáõîäèìî îïðåäåëèòü ôóíêöèè uk(x). Ïðî-
äèôôåðåíöèðîâàâ ñîîòíîøåíèÿ (31), è ïîäñòàâèâ âìåñòî y(x) âûðàæåíèå (32),
ïîëó÷èì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé 1-ãî ïîðÿäêà äëÿ íåèçâåñòíûõ
ôóíêöèé uk(x):

u′k(x) =
n∑

i=1

qk(x)pi(x)ui(x) + f(x)qk(x), k = 1, 2, .., n.

Ïîëîæèâ x = a â ñîîòíîøåíèÿõ (31), íàéäåì, ÷òî íà÷àëüíûå óñëîâèÿ ÿâëÿþòñÿ
îäíîðîäíûìè: u1(x) = u2(x) = ... = un(x) = 0. Ïîäñòàíîâêà ðåøåíèÿ ñèñòå-
ìû äèôôåðåíöèàëüíûõ óðàâíåíèé â (32) äàñò ðåøåíèå èñõîäíîãî èíòåãðàëüíîãî
óðàâíåíèÿ.

Ïðèìåð 9. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

y(x) =

x∫

0

ch t

chx
y(t) dt + 1 (33)

Ðåøåíèå. Îáîçíà÷èì

u(x) =

x∫

0

ch ty(t) dt. (34)
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Òîãäà óðàâíåíèå (33) ïåðåïèøåòñÿ â âèäå

y(x) =
u(x)

chx
+ 1. (35)

Ïðîäèôôåðåíöèðóåì (34) è ïîäñòàâèì âìåñòî y(x) âûðàæåíèå (35), ïîëó÷èì

u′(x) = chxy(x) = chx

(
u(x)

chx
+ 1

)
= u(x) + chx,

èëè â ñòàíäàðòíîé ôîðìå
u′ − u = chx.

Ðåøåíèåì ýòîãî óðàâíåíèÿ ñ ó÷åòîì íà÷àëüíîãî óñëîâèÿ u(0) = 0 áóäåò ôóíêöèÿ

u(x) =
1

2
(xex + shx) .

Ïîäñòàâëÿÿ åå â (35), ïîëó÷èì ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ:

y(x) = 1 +
1

2

xex + shx

chx
.

Ðåøèòü óðàâíåíèÿ Âîëüòåððà ñ âûðîæäåííûì ÿäðîì.

70. y(x) =

x∫

1

2t

x2
y(t) dt + x2. 71. y(x) = 2

x∫

0

y(t)

2t + 1
dt + 4x.

72. y(x) =

x∫

0

sin x

cos t
y(t) dt + 1. 73. y(x) =

x∫

1

x cos x

t cos t
y(t) dt + cos xex.

74. y(x) =

x∫

π

x2

t3
y(t) dt + x3 cos x 75. y(x) =

x∫

e

2

t lnx
y(t) dt + 1.

76. y(x)+

x∫

0

cos xex−ty(t) dt = ex−sin x. 77. y(x)=

x∫

π
2

cos t

sin x
y(t) dt− tgx

x2
.

78. y(x)=

x∫

π/4

y(t)

cos x sin t
dt + 1. 79. y(x) =

x∫

0

1− t2

1− x4
y(t) dt +

e arctgx

1− x2
.
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80. y(x) = 2

x∫

0

1 + t2

1− x4
y(t) dt +

(1− 3x)(1 + x)

1 + x2
.

81. y(x) =
1

2

x∫

0

√
1 + x

1− t2
y(t) dt +

√
1− x2.

Óðàâíåíèÿ Âîëüòåððà ñ ðàçíîñòíûì ÿäðîì
Åñëè ÿäðî èíòåãðàëüíîãî óðàâíåíèÿ (3)èëè (4) çàâèñèò òîëüêî îò ðàçíîñòè

ñâîèõ àðãóìåíòîâ: K(x, t) = K(x − t), òî òàêîå óðàâíåíèå ìîæåò áûòü ðåøåíî
îïåðàòîðíûì ìåòîäîì. Ñîãëàñíî ýòîìó ìåòîäó, êàæäîé ôóíêöèè f(x) (êîòîðàÿ
íàçûâàåòñÿ îðèãèíàëîì) âçàèìíî îäíîçíà÷íî ñòàâèòñÿ â ñîîòâåòñòâèå ôóíêöèÿ
F(p) (êîòîðàÿ íàçûâàåòñÿ èçîáðàæåíèåì) ïî ñëåäóþùåìó ïðàâèëó:

F(p) =

∞∫

0

f(x)e−px dx.

Ýòî ïðàâèëî íàçûâàåòñÿ ïðåîáðàçîâàíèåì Ëàïëàñà. Êëþ÷åâûì ñâîéñòâîì ïðåîá-
ðàçîâàíèÿ Ëàïëàñà, êîòîðîå èñïîëüçóåòñÿ äëÿ ðåøåíèÿ èíòåãðàëüíûõ óðàâíåíèé,
ÿâëÿåòñÿ òåîðåìà î ñâåðòêå, ñîãëàñíî êîòîðîé, åñëè F(p) è G(p) � èçîáðàæåíèÿ
ôóíêöèé f(x) è g(x), òî ïðîèçâåäåíèþ èçîáðàæåíèé F(p)G(p) ñîîòâåòñòâóåò ôóíê-
öèÿ, êîòîðàÿ ÿâëÿåòñÿ ñâåðòêîé ôóíêöèé f(x) è g(x):

f(x) ∗ g(x) =

x∫

0

f(x− t)g(t) dt =

x∫

0

f(t)g(x− t) dt.

Ïóñòü Y(p),F(p) è K(p) � èçîáðàæåíèÿ ôóíêöèé y(x), f(x) è K(x) ñîîòâåò-
ñòâåííî. Ïîëüçóÿñü ëèíåéíîñòüþ ïðåîáðàçîâàíèÿ Ëàïëàñà è òåîðåìîé î ñâåðòêå,
ïðåîáðàçóåì èñõîäíîå èíòåãðàëüíîå óðàâíåíèå

y(x) =

x∫

0

K(x− t) y(t) dt + f(x) (36)

(êîòîðîå òàêæå íàçûâàþò óðàâíåíèåì òèïà ñâåðòêè) â àëãåáðàè÷åñêîå óðàâíåíèå
îòíîñèòåëüíî èçîáðàæåíèé:

Y(p) = K(p)Y(p) + F(p),
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îòêóäà íàõîäèì
Y(p) =

F(p)

1−K(p)
.

Ïî ïîëó÷åííîìó èçîáðàæåíèþ Y(p) âîññòàíàâëèâàåì èñêîìóþ ôóíêöèþ y(x).
Äëÿ îñóùåñòâëåíèÿ ïåðåõîäà îò ôóíêöèé-îðèãèíàëîâ ê èõ èçîáðàæåíèÿì è

îáðàòíî óäîáíî èñïîëüçîâàòü òàáëèöó ñîîòâåòñòâèÿ:

f(x) 1 xn eax xneax sh ax

F(p)
1

p

n!

pn+1

1

p− a

n!

(p− a)n+1

a

p2 − a2

f(x) ch ax sin ax cos ax eax sin bx eax cos bx

F(p)
p

p2 − a2

a

p2 + a2

p

p2 + a2

a

(p− a)2 + b2

p− a

(p− a)2 + b2

Áîëåå ïîëíûé íàáîð ôóíêöèé ìîæíî íàéòè, íàïðèìåð â [2, 5].

Ïðèìåð 10. Ðåøèòü èíòåãðàëüíîå óðàâíåíèå

y(x) = shx− 2

x∫

0

ch (x− t)y(t) dt (37)

Ðåøåíèå. Â ýòîì óðàâíåíèè f(x) = shx, à K(x) = −2 chx. Èçîáðàæåíèÿìè
ýòèõ ôóíêöèé ÿâëÿþòñÿ F(p) = 1/(p2 − 1) è K(p) = −2p/(p2 − 1) ñîîòâåòñòâåí-
íî. Èñïîëüçóÿ òåîðåìó î ñâåðòêå, ïðåîáðàçóåì óðàâíåíèå (37). Â ïðîñòðàíñòâå
èçîáðàæåíèé îíî ïðèìåò âèä:

Y(p) =
1

p2 − 1
− 2p

p2 − 1
Y(p),

îòêóäà íàõîäèì
Y(p) =

1

p2 − 2p− 1
=

1

(p− 1)2 − 2
. (38)

Ïî òàáëèöå íàõîäèì, ÷òî èçîáðàæåíèþ (38) ñîîòâåòñòâóåò ôóíêöèÿ-îðèãèíàë

y(x) =
e−x

√
2
sh
√

2x,

êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (37).
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Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøèòü èíòåãðàëüíûå óðàâ-
íåíèÿ òèïà ñâåðòêè.

82. y(x)=
1

6

x∫

0

(x− t)3y(t) dt + x. 83. y(x)=

x∫

0

ex−ty(t) dt + e2x − 2.

84.
x∫

0

cos(x− t)y(t)dt = sin x−2x. 85.
x∫

0

ch (x− t)y(t) dt = 3x2.

86.
x∫

0

y(t) dt = x3ex. 87.
x∫

0

y(t) dt = e2x sin x.

88. y(x)=

x∫

0

sin(x− t)y(t) dt + x2. 89. y(x)=2

x∫

0

cos(x− t)y(t) dt + ex.

90. y(x) = 3

x∫

0

sin 4(x− t)y(t) dt + sin x.

91. y(x) = 8

x∫

0

sh (x− t)y(t) dt + chx.

92. y(x)=5

x∫

0

sin(x− t)y(t) dt + 4. 93. y(x) =

x∫

0

ex−ty(t) dt + shx.

94. y(x) = chx− 5

x∫

0

sh (x− t)y(t) dt + 4.

95. y(x) = 2

x∫

0

cos 3(x− t)y(t) dt + cos 3x.

96. y(x) = 2

x∫

0

y(t) dt−
x∫

0

ex−ty(t) dt + x.
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97. y(x) =

x∫

0

sh (x− t)y(t) dt + 2

x∫

0

sin(x− t)y(t) dt + chx.

Èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ðàçíîñòíûì ÿäðîì
Èíòåãðî-äèôôåðåíöèàëüíûì íàçûâàåòñÿ óðàâíåíèå, êîòîðîå ñîäåðæèò íåèç-

âåñòíóþ ôóíêöèþ êàê ïîä çíàêîì èíòåãðàëà, òàê è ïîä çíàêîì ïðîèçâîäíîé,
ïðè ýòîì ïðîèçâîäíûå ìîãóò âõîäèòü â ïîäûíòåãðàëüíîå âûðàæåíèå. Èíòåãðî-
äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ðàçíîñòíûì ÿäðîì Âîëüòåððîâñêîãî òèïà ìîãóò
áûòü ðåøåíû îïåðàòîðíûì ìåòîäîì. Ñõåìà ïðèìåíåíèÿ ïðåîáðàçîâàíèé Ëàïëàñà
îñòàåòñÿ òàêîé æå, êàê è äëÿ èíòåãðàëüíûõ óðàâíåíèé. Ïðè ýòîì, åñëè ôóíêöèÿ
y(x) èìååò èçîáðàæåíèå Y(p), òî èçîáðàæåíèÿ äëÿ åå ïðîèçâîäíûõ âû÷èñëÿþòñÿ
ïî ïðàâèëó

y′(x) ·=
˙

pY(p)− y(0),

y′′(x) ·=
˙

p2Y(p)− py(0)− y′(0),

· · · · · · · · · · · · · · · · · ·
y(n)(x) ·=

˙
pnY(p)− pn−1y(0)− pn−2y′(0)− . . .− py(n−2)(0)− y(n−1)(0).

Òàêèì îáðàçîì, äëÿ ïîëó÷åíèÿ îäíîçíà÷íîãî ðåøåíèÿ èíòåãðî-äèôôåðåíöèàëü-
íûå óðàâíåíèÿ, â îòëè÷èå îò èíòåãðàëüíûõ, äîëæíû áûòü äîïîëíåíû íà÷àëüíûìè
óñëîâèÿìè.

Ïðèìåð 11. Ðåøèòü èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå

y′(x) =

x∫

0

(x− t)y(t) dt− 1, y(0) = 1 (39)

Ðåøåíèå. Â ïðîñòðàíñòâå èçîáðàæåíèé óðàâíåíèå (39) èìååò âèä

pY(p)− 1 =
1

p2Y(p)− 1

p
.

Íàéäåì îòñþäà
Y(p) =

p

p2 + p + 1
.

Ïðåîáðàçóåì ïîëó÷åííîå âûðàæåíèå

Y(p) =
p + 1/2

(p + 1/2)2 + 3/4
− 1/2

(p + 1/2)2 + 3/4
,
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ïîñëå ÷åãî ñ ïîìîùüþ òàáëèöû íà ñòð. 23 âîññòàíàâëèâàåì ðåøåíèå óðàâíåíèÿ:

y(x) = e−x/2

(
cos

√
3

2
x− 1√

3
sin

√
3

2
x

)

Ðåøèòü èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ïîìîùüþ ïðåîá-
ðàçîâàíèÿ Ëàïëàñà.

98. y′(x) =

x∫

0

cos(x− t) y(t) dt + x, y(0) = 1.

99. y′(x) +

x∫

0

e−2(x−t)y(t) dt = 0, y(0) = 1.

100. y′′(x) +

x∫

0

e2(x−t)y′(t) dt = e2x, y(0) = 0, y′(0) = 1.

101. y′(x)− y(x) +

x∫

0

(x− t)y′(t) dt−
x∫

0

y(t) dt = x, y(0) = −1.

102. y′′(x) + 2y′(x) + y(x) =

=

x∫

0

(x− t)y′′(t) dt + 2

x∫

0

sin(x− t)y′(t) dt + cos x,

y(x) = y′(x) = 0.

103. y′′(x) + y(x) +

x∫

0

sh (x− t)y(t) dt +

x∫

0

ch (x− t)y′(t) dt = chx,

y(x) = y′(x) = 0.
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Îòâåòû
1. y(x) = 2ex. 2. y(x) = ex(1 + 2x). 3. y(x) =

√
1− x2 +

x

2
. 4. y(x) =

sin x +
πx

4
. 5. y(x) =

2e− 4

x
+ lnx. 6. y(x) = x +

4

5

√
x. 7. y(x) = x3/2 +

x1/2

1− ln 2
. 8. y(x) = cos x − 2

π
sin x. 9. y(x) = −ex. 10. y(x) = ex(1 − x).

11. y(x) =
√

1− x2 + 2x. 12. y(x) = sin x − πx

3
. 13. y(x) = ln x − 2e

x
.

14. y(x) = sin πx +
2x

π
. 15. y(x) = cos x − π

2
tgx. 16. Íåò ðåøåíèÿ. 17.

y(x) = 5x + 4
√

x. 18. y(x) = 3 lnx− 2x. 19. y(x) = C cos x + 2x− 1− 2C

π
.

20. y(x) = x − 2 cos x. 21. y(x) = 2 − 3 sin x. 22. y(x) = −3x. 23. Íåò
ðåøåíèÿ. 24. y(x) = 4x(2 − x). 25. y(x) = 3π cos 2x − πC cos 3x + 4C + 4.

26. y(x) =
5

2π
(cos 2πx + sin 2πx) + 5x − 4. 27. λ =

6

7
, y(x) = C(1 + 2x). 28.

λ =
3

2
, y(x) = C(1− x2). 29. λ =

1

π
, y(x) = Cx. 30. λ =

1

π
, y(x) = C cos x.

31. λ1,2 = ±2

π
, y1,2(x) = C(sin x± cos x). 32. λ =

2

π
, y(x) = C1 cos x+C2 sin x.

33. λ1 = −π, y1(x) =
π2C

3
(cos 2πx−sin πx)−2πCx; λ2 = π, y2(x) = πC(2 cos 2πx+

sin πx). 34. λ1 = −1, y1(x) = C; λ2,3 = 2, y2(x) = C1 cos 2πx + C2 sin 2πx. 35.
λ 6= 6

7
, y(x) = 1 − 3

2
x; λ =

6

7
, y(x) = 1 − 3

2
x + C(1 + 2x). 36. λ 6= 2, y(x) =

sin 2πx; λ = 2, y(x) = sin 2πx + Cx. 37. ∀λ ∈ R, y(x) = cos x +
πλ

2
sin x.

38. λ 6= −2π, y(x) =
2πx

2π + λ
; λ = −2π, íåò ðåøåíèé. 39. λ 6= 1

2
,
3

2
, y(x) =

sin πx +
2λx/π

1− 2λ/3
; λ =

1

2
, y(x) = sin πx +

3

2π
x + C; λ =

1

2
, íåò ðåøåíèé.

40. λ 6= ±2

π
, y(x) = 1 − 4λ

2 + λπ
sin x; λ =

2

π
, y(x) = 1 − sin x + C cos x; λ =

2

π
, íåò ðåøåíèé. 41. y(x) = 2 (ex − x− 1) . 42. y(x) = ex − x − 1. 43.

y(x) = shx. 44. y(x) = cos x. 45. y(x) =
1

1− ln 2
. 46. y(x) = ex2 − 1.

47. y(x) =
4

4− π
. 48. y(x) =

1

1− ln
√

2
. 49. y(x) = ex

(
1 + x +

x2

2

)
. 50.

y(x) = x chx+ shx. 51. y(x) = 4 cos 2x−cos x. 53. y(x) = 4 sh 2x. 52. y(x) =

cos 2 ln x + sin 2 ln x− 1. 54. y(x) = x3 − x− 1

x
. 55. y(x) = x2( lnx + 1). 56.

y(x) = 2ex(x − 1) + x + 2. 57. y(x) = 10e5x − e3x(14 cos 4x + 13 sin 4x). 58.
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y(x) = chx + xex. 59. y(x) = 2 shx. 60. y(x) = 3e−x + 2e4x. 61. y(x) =
2 cos x−5 cos 2x. 62. y(x) = e2x +6x−5. 63. y(x) = e3x(2 cos x− sin x)+3. 64.
y(x) =

3x2 + 4x

x + 2
. Óêàçàíèå. Ïåðåä äèôôåðåíöèðîâàíèåì âûïîëíèòü çàìåíó ôóíê-

öèè z = (x + 2)2y. 65. y(x) = (x2 + 1)(1− arctg x). 66. y(x) = x2 (
2e2x−2 − 1

)
.

Óêàçàíèå. Ïåðåä äèôôåðåíöèðîâàíèåì âûïîëíèòü çàìåíó ôóíêöèè y = zx. 67.
y(x) = e−x + ln 2

1 + e−x
. Óêàçàíèå. Óìíîæèòü óðàâíåíèå íà x + 1 è ïðîäèôôå-

ðåíöèðîâàòü 68. y(x) = 1 − e
x

x+1 . Óêàçàíèå. Óìíîæèòü óðàâíåíèå íà ex + 1 è
ïðîäèôôåðåíöèðîâàòü 69. y(x) = cos x− 1

2
sin x− x

cos x
. 70. y(x) = 2x2−1.

71. y(x) = (4x + 2) ln (2x + 1) + 4x. 72. y(x) = sin2 x + 1. 73. y(x) =
(x lnx+1) cos xex. 74. y(x) = x3(sin x+cos x). 75. y(x) = 2 lnx−1. 76. y(x) =

(1 − x cos x)ex−sin x. 77. y(x) =
1

x
− tg x

x2 − 2

π
. 78. y(x) =

√
2 sin x− 1

cos2 x
+ 1.

79. y(x) =
x2 + x + 1

1− x4 e arctgx. 80. y(x) =
1− 3x2

1 + x2 . 81. y(x) =
√

1 + x.

82. y(x) =
1

2
(sin x + shx). 83. y(x) = xe2x + 1. 84. y(x) = 1 − x2. 85.

y(x) = 6x−x3. 86. y(x) = (2+x)x2ex. 87. y(x) = e2x(cos x+2 sin x). 88. y(x) =

x2 +
x4

12
. 89. y(x) =

ex

2
(x2 + 4x + 2). 90. y(x) = 5 sin x − 2 sin x. 91. y(x) =

ch 3x. 92. y(x) = 5 ch 2x− 1. 93. y(x) =
1

3
(ex − e−2x). 94. y(x) = cos 2x. 95.

y(x) = ex

(
cos 2

√
2x +

1

2
√

2
sin 2

√
2x

)
. 96. y(x) =

ex

2
(cos x + sin x) − 1

2
. 97.

y(x) =
1

3
(4 ch

√
3x − 1). 98. y(x) = 1 + x2 +

x4

24
. 99. y(x) = e−x(1 + x).

100. y(x) = ex − 1. 101. y(x) = −ex. 102. y(x) = 1 − (1 + x)e−x. 103.
y(x) = 1− cos x.
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